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We propose an alternative route to engineer Majorana zero modes (MZMs), which relies on
inducing shift or spin vortex defects in magnetic textures which microscopically coexist or are in
proximity to a superconductor. The present idea applies to a variety of superconducting materials
and hybrid structures, irrespectively of their spin-singlet, -triplet, or mixed type of pairing, as
long as their bulk energy spectrum contains robust point nodes. Our mechanism provides a new
framework to understand the recent observations of pairs of MZMs in superconductor - magnetic
adatom systems. Moreover, it can inspire the experimental development of new platforms, consisting
of nanowires in proximity to conventional superconductors with strong Rashba spin-orbit coupling.
The experimental study of bound states in supercon-
ductors (SCs) has recently witnessed a reheated interest.
This came after a series of theory proposals, which de-
signated how to induce non-Abelian anyons in SCs [1–
30]. Majorana zero modes (MZMs) are so far the most
sought-after excitations of this genre [31–41]. They are
charge-neutral, spatially localized, pinned to zero ener-
gy, and enjoy a topological protection. In addition, they
adhere to Ising exchange statistics, which open perspec-
tives for fault-tolerant quantum computing [42–44]. The
charge neutrality of MZMs brings SCs forward as ideal
candidates to look for them, since their quasiparticle ex-
citations arise from hybridized electrons and holes. Up
to date, a number of experiments have provided strong
evidences for MZMs in SCs [45–72].
MZMs can be trapped at various types of 0D de-
fects [1–4, 73–78]. About three decades ago, Read and
Green theoretically showed [1] that a vortex induced in
a chiral px + ipy SC traps a single MZM. More recently,
Fu and Kane [4] proposed that a single MZM appears in
a vortex of a conventional SC in proximity to the helical
surface states of a 3D time-reversal (TR) invariant topo-
logical insulator. However, the vortex defects involved,
need not to be introduced in the superconducting order
parameter. Indeed, MZMs are also accessible if vortex
defects are introduced in the phase of another complex
field or the angle of a two-component vector entering the
Hamiltonian. For instance, MZMs have already been pre-
dicted to emerge in vortices of the complex order parame-
ter of superfluid [73] and axion-string [79] condensates,
as well as in the angle of a two-component spin-orbit
coupling (SOC) vector field [80]. Notably, the scenario
of a SOC vortex has been recently invoked as a possible
mechanism to reconcile the experimental observations of
a pair of MZMs in a platform of magnetic adatoms de-
posited on the surface of a conventional SC [64].
In this Letter, we show that MZMs can be also trapped
by magnetic texture vortices. As we prove below, this be-
comes possible only when these textures appear in SCs
which contain point nodes in their bulk energy spectrum,
e.g., as in Fig. 1(a). Our results apply to generic nodal
FIG. 1. (a) Example of a bulk energy spectrum for the type
of nodal superconductors discussed in this work. We consider
n ∈ N pairs of nodes with opposite momenta ±kn and spin
projections ↑, ↓. Therefore, the nodes of such a pair carry the
same helicity ζ = ±1 ({⊗,}), and can be gapped out by
a magnetic helix/stripe texture with a wave vector Qn. (b)
Sketch of a magnetic helix with Q = (2pi/3, 0). (c) Same as
in (b), but for a discrete shift defect with vorticity υshift = 1.
SCs with spin-singlet, -triplet or mixed [81] pairing, thus
covering a broad range of quantum materials and hybrid
structures. Magnetic textures have recently attracted
significant attention, since they simultaneously violate
TR symmetry and generate an effective Rashba SOC [82],
which are both key ingredients for engineering topological
SCs [7, 8]. Related studies [64, 83–86] have also empha-
sized that certain magnetic textures, e.g., skyrmions, act
as smooth defects which can pin various types of bound
states in SCs, and these also include MZMs [64, 84–86].
Here, we explore textures consisting of magnetic helices
and/or stripes, with suitable wave vectors Qn, which en-
sure that all pairs of nodes at ±kn momenta become cou-
pled and gapped out. Our proposal radically differs from
the works in Refs. 64, 84–86 since, in the present work,
we do not view the texture itself as the defect. Instead
we demonstrate that the considered magnetic textures
harbor spin and shift vortices which trap MZMs. Remar-
kably, for nodes of fixed helicity, inducing defects in mag-
netic stripes is sufficient to trap MZMs. See Figs. 1(b)-
(c). We note that certain types of topological defects
in magnetic textures, such as disclinations, have already
been theoretically investigated [87, 88] and experimen-
tally observed in helimagnets [89–93].
To model the physical situations of interest, we em-
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2ploy the operator Hˆ = 12
´
dr Ψ†(r)Hˆ(pˆ, r)Ψ(r), with
Ψ†(r) = (ψ†↑(r), ψ
†
↓(r), ψ↓(r),−ψ↑(r)). Here, ψ↑,↓(r)
annihilates an electron at position r with the spin pro-
jection indicated, while pˆ = −i∇ with ~ = 1. Hˆ(pˆ, r) is
the Bogoliubov - de Gennes (BdG) matrix Hamiltonian:
Hˆ(pˆ, r) = Hˆ0(pˆ) +
∑
n
{
2Mn cos
[
Qn · r + ηn(r)
]
eˆn · σ
− 2M ′n sin
[
Qn · r + ηn(r)
]
eˆ′n · σ
}
e−iωn(r)σz , (1)
and is represented using the τ (σ) Pauli matrices defined
in Nambu (spin) spaces, supplemented with the respec-
tive unit matrix 1τ (1σ). For simplicity, we omit writing
unit matrices throughout. In the above, eˆn · eˆ′n = 0 ∀n.
The nonmagnetic part of the BdG Hamiltonian reads:
Hˆ0(pˆ) = τz
[
εs(pˆ) + εt(pˆ)σz
]
+ τx
[
∆s(pˆ) + ∆t(pˆ)σz
]
(2)
where εs,t(−pˆ) = ±εs,t(pˆ) and ∆s,t(−pˆ) = ±∆s,t(pˆ).
Hˆ0(pˆ) is invariant under z-axis spin rotations [transla-
tions] associated with the angles ωn(r) [phases ηn(r)]. In
3D coordinate space, we define r = (x, y, z), tanφ = y/x,
cos θ = z/r, r =
√
ρ2 + z2 and ρ =
√
x2 + y2. Vor-
tices can be independently introduced in all ωn angles
and ηn phases, at the same or different positions. For a
shift [spin] vortex defect with vorticity υshift [υspin] we set
η(r) = υshiftφ [ω(r) = υspinφ]. In Fig. 1(c) we depict the
spatial profile of a magnetic helix with a discrete shift
vortex. A shift vortex defect in η(r) implies that this
phase shows discontinuous jumps by an integer multiple
of 2pi after traversing a path around the defect’s core,
which is identified with the region where the magnetic
texture vanishes. This is reflected in the definition of the
vorticity υshift =
¸
C dη/2pi ∈ Z, where C denotes a closed
contour enclosing the core of the defect. A similar be-
havior emerges for ω(r) in the presence of a spin vortex
with vorticity υspin =
¸
C dω/2pi ∈ Z.
The topological classification of the system in the pre-
sence of defects is carried out using the BdG Hamiltonian
in combined momentum-coordinate space Hˆ(k, r), which
is obtained by assuming that the defect builds up in a
sufficiently smooth manner in space, so that the momen-
tum pˆ 7→ k and the position r appearing in η(r) and ω(r)
commute. This approach suffices to predict the appea-
rance of MZMs, but generally fails to accurately describe
the complete bound state spectrum that we observe in
our numerics using abrupt defects.
To proceed, we employ standard classification me-
thods, cf Refs. [76, 77]. The relevant Majorana symmetry
class, i.e., BDI, D or DIII, is inferred in the presence of
the defect-containing variables. The effective classifica-
tion dimension δ is obtained by the spatial dimensionality
of the system d, after subtracting the dimension of the
surface that can enclose the defect, i.e., here δ = d − 1
since a circle S1 can enclose a vortex. Based on the
tenfold classification [94–96], we find the topologically-
nontrivial scenarios {BDI,D,DIII} 7→ {Z,Z2,Z2} in 2D,
and {D,DIII} 7→ {Z,Z2} in 3D. To construct the topo-
logical invariants, we view φ as a synthetic momentum
which extends the base space to (k, φ).
Similar to Ref. [78], which discusses MZMs trapped in
superconducting vortices, also here, the outcome of the
various topological invariants is tied to the local, instead
of the global, k-space topology of Hˆ0(k). Therefore, to
facilitate the calculation of the various topological inva-
riants, we rely on low-energy models obtained after ex-
panding the original Hamiltonian about pairs of nodes
with momenta ±kn, which are determined by Hˆ0(k) = 0ˆ:
εs(kn)± σzεt(kn) = ∆s(kn)± σz∆t(kn) = 0ˆ . (3)
Since {εt(−k),∆t(−k)} = −{εt(k),∆t(k)} we find that
nodes at opposite momenta ±kn carry opposite spins
σz = ±1, i.e., possess the same helicity. See Fig. 1(a).
We now expand the Hamiltonian about the n-th pair of
nodes by setting k ≈ ±kn + q with |q| small. By intro-
ducing the ρ Pauli matrices in {kn,−kn} nodes space,
the defect-free Hamiltonian in the vicinity of ±kn reads:
Hˆ(n)(q, φ = 0) = Mnρxeˆn · σ −M ′nρyeˆ′n · σ
+τz
[
ε(n)s + v
(n)
εt · qσz
]
+ ρzτz
[
v(n)εs · q + ε(n)t σz
]
+τx
[
∆(n)s + v
(n)
∆t
· qσz
]
+ ρzτx
[
v
(n)
∆s
· q + ∆(n)t σz
]
, (4)
where we used the shorthand expressions for f = ε,∆:
f
(n)
s,t = fs,t(kn) and v
(n)
fs,t
=∇kfs,t(k)
∣∣∣
k=kn
. (5)
The nonmagnetic part of Eq. (4), that we denote Hˆ(n)0 (q),
is invariant under arbitrary φ-dependent shifts and spin
rotations generated by the operators Lˆ(n)shift = ρz and
Lˆ(n)spin = σz. Thus, the defects are added as follows:
Hˆ(n)(q, φ) = eiφLˆ(n)/2Hˆ(n)(q, φ = 0)e−iφLˆ(n)/2 , (6)
where we introduced Lˆ(n) = υ(n)shiftLˆ(n)shift + υ(n)spinLˆ(n)spin.
For Mn = M
′
n = 0, one defines the four states
|ρz = ±1;σz = ±1〉 in ρ ⊗ σ space. Two of these give
rise to the pair of nodes at ±kn, while the remaining
two lie energetically away from zero. These two pairs of
states can be distinguished by their helicity eigenvalue
ζ = ρzσz = ±1. Hence, to obtain a Hamiltonian de-
scribing only the states related to the nodes, we project
Eq. (4) onto a given helicity subspace, which fulfills:
ε
(n)
s + ζε
(n)
t = ∆
(n)
s + ζ∆
(n)
t = 0, resulting into:
Hˆ(n)ζ (q, φ = 0) = λzq ·
[
v
(n)
ε,ζ τz + v
(n)
∆,ζτx
]
+M
(n)
ζ · λ, (7)
where v
(n)
ε,ζ = ζv
(n)
εs + v
(n)
εt , v
(n)
∆,ζ = ζv
(n)
∆s
+ v
(n)
∆t
, and
M
(n)
ζ =
(
eˆn,xMn + ζeˆ
′
n,yM
′
n, eˆn,yMn − ζeˆ′n,xM ′n, 0
)
. (8)
The unit 1λ and Pauli λ matrices act in a given helicity
subspace. The choice of basis for both ζ = ±1 is such
that the spin Pauli matrix σz coincides with λz. Note
3that the terms eˆn · zˆ, eˆ′n · zˆ drop out after the projection.
Projecting the operator generating the vortices yields:
Lˆ(n)ζ =
[
ζυ
(n)
shift + υ
(n)
spin
]
λz . (9)
Notably, the emergence of MZMs is guaranteed by the
structure of Eqs. (7) and (9), which allow mapping our
model to the Jackiw-Rossi model [97]. The latter is
known to support zero-energy solutions in vortices, and
also lies at the core of the Fu-Kane proposal [4, 98].
The fact that MZMs become accessible in the model of
Eq. (6) is alternatively understood in terms of the chiral
symmetry Π = λzτy it possesses. As a result of it, the
Hamiltonian resides in class BDI and is classified by the
winding number w
(n)
3 ∈ Z [76] defined in (qx, qy, φ). This
invariant is expressed in terms of the upper off-diagonal
block hˆ
(n)
ζ (q, φ) of Hˆ(n)ζ (q, φ), in a basis where the latter
is block off-diagonal. Notably, by further exploiting:
hˆ
(n)
ζ (q, φ) = e
iφLˆ(n)ζ /2hˆ(n)ζ (q, φ = 0)e
−iφLˆ(n)ζ /2, (10)
and taking into account that the upper off-diagonal block
hˆ
(n)
0;ζ (q) of Hˆ(n)0;ζ (q) commutes with Lˆ(n), leads to [99]:
w
(n)
3;ζ =
∑
λ=±1
ζυ
(n)
shift + υ
(n)
spin
2
λ
ˆ
dq
2pi
	qxqy itr ln
[
hˆ
(n)
0;ζ,λ(q)
]
,
(11)
where we employed the eigenstates |λ〉 of Lˆ(n)ζ , which
here coincide with the eigenstates of λz = ±1. In ad-
dition, we introduced the shorthand notation 	qxqy =
∂qx∂qy − ∂qy∂qx for the differential operator associa-
ted with vorticity in q space. We make use of the
identity tr ln
[
hˆ
(n)
0;ζ,λ(q)
]
= ln det
[
hˆ
(n)
0;ζ,λ(q)
]
and set
det
[
hˆ
(n)
0;ζ,λ(q)
]
= |det [hˆ(n)0;ζ,λ(q)]|e−iϕ(n)ζ,λ(q). The latter
implies that Eq. (11) is nonzero only when the arguments
ϕ
(n)
ζ,λ(q) contain vortex defects. These q-space vortices
correspond to the point nodes in the spectrum. The node
with helicity ζ and z-axis spin projection σz = ±1, carries
vorticity υ
(n)
ζ,λ=±1, which is defined through the relation
	qxqyϕ(n)ζ,λ(q) = 2piυ(n)ζ,λδ(q), and leads to the expression:
w
(n)
3;ζ =
∑
λ=±1
ζυ
(n)
shift + υ
(n)
spin
2
λυ
(n)
ζ,λ . (12)
To evaluate the above, it is required to determine the
vorticities of the nodes. For this purpose, we consider the
unitary transformation (Π + τz)/
√
2 onto the projected
Hamiltonians, and obtain the upper off-diagonal blocks:
hˆ
(n)
ζ (q, φ = 0) =
[
M
(n)
ζ × zˆ
] · λ− q · [v(n)∆,ζλz + iv(n)ε,ζ ].
(13)
We use the eigenstates of λz 7→ λ = ±1 and diagonalize
hˆ
(n)
0;ζ (q) as h
(n)
0;ζ,λ(q) = −q ·
[
λv
(n)
∆,ζ + iv
(n)
ε,ζ
]
. As long as
2 Hidden MZMs
FIG. 2. Numerical study of a BDI class model with εs(k) =
−2t(cos kx + cos ky) − µ, εt(k) = α sin ky, ∆s(k) = ∆, and
∆t(k) = dz sin ky. We consider a 40 × 40 square lattice with
the lattice constant set to unity. (a) 50 lowest eigenvalues
in the absence (black asterisks) and presence (green dots)
of a single shift vortex with υshift = 1. When considering
open boundary conditions, see inset in (a), we find a single
MZM pair along with an edge Majorana flat band (MFB).
To uncover the MZMs which are energetically buried inside
the MFB, we employ instead periodic boundary conditions.
Indeed, the MZM pair is clearly discerned in main panel (a).
(b)-(c) Spatially-resolved MZM weight of the wavefunctions
of (a) with electron (hole) column vectors u (v). One of the
MZMs is trapped at the shift defect’s core, while the other
appears at the system’s edge. Note that finite-size effects and
a weak inter-MZM coupling lead to a small but nonzero MZM
weight at the defect in (c). We set: ∆ = 1/
√
2, µ = −5∆,
dz = α = 1 and {M1,2,M ′1,2} = {0.5, 0.1}, all in units of t.
v
(n)
ε,ζ × v(n)∆,ζ 6= 0, the vorticities of the nodes at q = 0
are opposite and of a single unit, i.e., υ
(n)
ζ,−λ = −υ(n)ζ,λ and
|υ(n)ζ,λ | = 1, while they are independent of the helicity ζ.
Under the above conditions, we finally obtain:
w
(n)
3;ζ = sgn
[
υ
(n)
ζ,λ=+1
][
ζυ
(n)
shift + υ
(n)
spin
]
, (14)
which implies that both spin and shift vortex defects
can induce a Z number of MZMs. Notably, the number
of MZMs arising due to the simultaneous emergence of
shift and spin vortices at the same position in coordinate
space, are obtained by adding (for ζ = 1) or subtracting
(for ζ = −1) the number of MZMs that would indepen-
dently arise for each different type of defect.
The above analysis persists, only as long as also the
full Hamiltonian is in class BDI. We find that the latter
possesses a chiral symmetry effected by τyσz, when en
and e′n lie in the same spin plane ∀n. When at least one
of εt(k) or ∆t(k) is present, this is identified with the
xy spin plane. If the above condition is met, Eq. (14)
remains valid. Instead, for a full Hamiltonian belonging
to class D solely the parity (−1)w(n)3;ζ ∈ Z2 is well de-
fined, and protects only a single MZM at a vortex de-
fect. Hence, further caution needs to be paid now on
the possible node degeneracies which can trivialize the
Z2 invariant. This takes place, for instance, when only
εs(k) and ∆s(k) enter Hˆ0(k). In this case, both helicities
4contribute, i.e., w
(n)
3 =
∑
ζ=±1 w
(n)
3;ζ . This case is trivial
in class D, since we find |w(n)3 | = 2|υ(n)spin|, while in class
BDI it predicts spin-degenerate MZM pairs only for spin
vortices, as a consequence of the spin-singlet character of
the pairing. Analogous results with |w(n)3 | = 2|υ(n)shift| are
obtained when only εs(k) and ∆t(k) are considered.
We numerically verify the above predictions for the lat-
tice model defined in Fig. 2. In the absence of magnetism
and for a suitable window of parameters, this model
supports a nodal energy spectrum of the form depicted
in Fig. 1(a). We consider that the two pairs of nodes
are gapped out by a magnetic texture which consists of
two helices M1,2(r), with wave vectors Q1,2. In Fig. 2,
we present results for helices with {eˆ1,2, eˆ′1,2} = {xˆ, yˆ},
when one of these harbors a shift vortex defect of a sin-
gle unit of vorticity. In Ref. [99] we present additional
results for BDI class models with higher values for the
defect’s vorticity, as well as various 2D class D scenarios.
Our preceding analysis can be directly extended to 3D
class D systems, which are classified by the 2nd Chern
number C2 defined in (qx, qy, qz, φ) space. By evalua-
ting C2 as a surface integral of the Chern-Simons 3 form,
cf Ref. [76, 99], and after exploiting Eq. (6), we find
C
(n)
2;ζ =
∑
λ=±1
ζυ
(n)
shift+υ
(n)
spin
2 λQ
(n)
ζ,λ, where Q
(n)
ζ,λ defines the
monopole charge for the nodes of the n-th pair with heli-
city ζ and z-axis spin projection λ = ±1. As an example,
consider the continuum model Hˆ0(k) = −k2yτz+α(kyτz+
kxτx−kyτy)σz. The combined anisotropy and SOC yield
two helical branches and two pair of nodes at ky = 0 and
ky = ±α. Here, the inner helical branch at ky = 0 can
be gapped out by a Zeeman field which is oriented ortho-
gonally to the SOC vector [7, 8]. The two nodes of the
outer helical branch can get gapped out by a magnetic
stripe M(r) = M cos(2αy)xˆ. Similarly to Eq. (14), here
we find that a number of |C2| = |υshift +υspin| chiral Ma-
jorana modes emerge in core of a vortex line extending
along the z axis. For a numerical example see Fig. 3(a).
Despite that magnetic textures break the standard TR
symmetry (T ), Majorana Kramers pairs are still accessi-
ble when a generalized TR symmetry Θ with Θ2 = −1
appears [36]. In this event, the Hamiltonian is of the DIII
type and is classified by a Z2 topological invariant which
now predicts the emergence of a single Majorana Kramers
pair in a shift/spin vortex. Such a symmetry emerges in
the previously examined models when we consider two
bands which feel identical nonmagnetic terms, but op-
posite magnetic texture terms. After introducing the κ
Pauli matrices in band space, we find Θ = κxT . When
the bands are completely decoupled, they yield pairs of
Majorana solutions in the defect’s core. Out of those,
only a single Kramers pair survives upon the addition of
band mixing terms which respect Θ and set the system
in DIII class. A concrete example is detailed in Ref. [99].
Our theory applies to various intrinsic nodal SCs, such
as, unconventional spin-singlet (-triplet) d-wave (p-wave)
FIG. 3. (a) Spatially-resolved wavefunction weight for the
two chiral Majorana modes obtained for a lattice variant [99]
of the 3D class D model in the main text, when a shift vortex
with υshift = 1 is considered. One mode appears localized
at the defect’s core and another at the outer edge. (b) Hy-
brid Rashba SC-2DEG MZM platform. The SC filaments
can be obtained by etching away strips in a SC layer epita-
xially grown on top of the 2DEG slab, as in Ref. [125]. Gate
fingers, ideally buried under the slab, define loosely tunnel-
coupled hybrid nanowires. MZMs can be pinned in the slab
by inducing magnetic texture vortices in the 2D substrate.
SCs [100], and noncentrosymmetric SCs with mixed spin
pairing [101–104]. Fe-based systems appear as prime
spin-singlet SC candidates, because they can exhibit
nodal superconductivity [105, 106], single- and double-Q
magnetic stripe order [107–117], and microscopic coexi-
stence of magnetism and superconductivity [107, 118–
123]. Moreover, recent theoretical studies [124] predict
single- and double-Q magnetic textures in doped 122 and
1111 compounds. Note also, that, while Rashba SOC is
usually negligible in these compounds, a given pair of
nodes can still feel an effective Rashba SOC that is gen-
erated by other helices comprising the magnetic texture.
Our list of potential candidates also includes a 2D elec-
tron gas (2DEG) or magnetic adatom lattices, in proxi-
mity to a conventional SC with strong Rashba SOC, such
as Pb [48, 57]. The former scenario can arise for semi-
conducting slabs [125], or, coupled epitaxial nanowire
hybrids [126] based on semiconductors or carbon nano-
tubes. See Fig. 3(b). Instead, in the second approach,
the adatoms induce a lattice of Yu-Shiba-Rusinov (YSR)
states [127–129]. While the underlying mechanisms dif-
fer, the proximity to the SC induces a self-energy to the
2DEG system or the YSR lattice which has the general
form of Eq. (2) [22, 24, 66, 81]. The arising nodes can be
gapped out by magnetic stripes/helices and Zeeman fields
(only for the inner helical branch). In 2DEGs, these tex-
tures can be engineered using nanomagnets [10, 27, 71],
while in YSR lattices they are provided by the adatoms’
magnetization. Thus, being in a position to spatially con-
trol these textures in the above platforms, appears as a
promising new route to trap and manipulate MZMs.
Finally, we note that the defects studied in this work
may arise either spontaneously or get pinned by disorder.
Therefore, our mechanism to trap MZMs from a nodal
SC, provides a novel path to explain the recent observa-
tions in 2D magnetic lattice - SC heterostructures [64].
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SUPPLEMENTAL MATERIAL
Derivations for the w3 and C2 topological invariants
• The winding number w3 is defined in 3D (q, φ) space and is expressed as:
w3 =
ˆ 2pi
0
dφ
2pi
ˆ
dq
2pi
Tr
{
hˆ−1(q, φ)
[
∂qx hˆ(q, φ)
]
hˆ−1(q, φ)
[
∂qy hˆ(q, φ)
]
hˆ−1(q, φ)
[
∂φhˆ(q, φ)
]}
. (15)
By employing the relation hˆhˆ−1 = 1⇒ ∂h−1 = −hˆ−1(∂hˆ)hˆ−1 and the cyclic property of the trace, we find:
w3 = −
ˆ 2pi
0
dφ
2pi
ˆ
dq
2pi
Tr
{[
∂qx hˆ(q, φ)
]
hˆ−1(q, φ)
[
∂qy hˆ(q, φ)
]
∂φhˆ
−1(q, φ)
}
. (16)
When the following relation holds: hˆ(q, φ) = eiφLˆ/2hˆ(q, φ = 0)e−iφLˆ/2, we also find the expression hˆ−1(q, φ) =
eiφLˆ/2hˆ−1(q, φ = 0)e−iφLˆ/2. In this event, the winding number obtains the following simple form:
w3 = i
ˆ
dq
2pi
Tr
{
Lˆ
2
{[
∂qx hˆ
−1(q, φ = 0)
][
∂qy hˆ(q, φ = 0)
]− hˆ↔ hˆ−1}− qx ↔ qy} /2 ,
=
ˆ
dq
2pi
Tr
{ Lˆ
2
	qxqy i ln
[
hˆ(q, φ = 0)
]}
. (17)
The above is nonzero even for a vanishing magnetic texture, in which case, hˆ(q, φ = 0) 7→ hˆ0(q). When
[Lˆ, hˆ0(q)] = 0ˆ, we evaluate the trace by introducing the eigenstates of Lˆ, in which basis, hˆ0(q) is block diagonal.
• The 2nd Chern number C2 is defined in 4D (qx, qy, φ, qz) ≡ (p1, p2, p3, p4) space and it is given by the expression:
C2 = −
ˆ
d4p
32pi2
nm`sTr
[
FˆnmFˆ`s
]
with n,m, `, s = 1, 2, 3, 4. (18)
We introduced the non-Abelian field strength tensor Fˆnm = ∂pnAˆm − ∂pmAˆn − i[Aˆn, Aˆm], that is defined in
terms of the Berry vector potential Aabn (p) = i 〈Φa(p)| ∂pn |Φb(p)〉, which is a matrix in the occupied eigenstates
|Φ(p)〉 subspace. The Chern number can be equivalently expressed as a surface integral over the Chern-Simons
3 form. Here, we choose a surface S = S2 × T1 which is a S2 sphere in q space. We thus find:
C2 = −
˛
S
d3p
8pi2
nm`Tr
(
Aˆn∂pmAˆ` − i
2
3
AˆnAˆmAˆ`
)
with n,m, ` = 1, 2, 3. (19)
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When Hˆ(q, φ) = eiφLˆ/2Hˆ(q, φ = 0)e−iφLˆ/2, we find |Φ(q, φ)〉 = eiφLˆ/2|Φ(q, φ = 0)〉, which implies Aˆq(q, φ) =
Aˆq(q, φ = 0) and A
ab
φ (q, φ) = −〈Φa(q, φ = 0)| Lˆ |Φb(q, φ = 0)〉 /2. These lead to the simplified expression:
C2 =
"
S2
dq
2pi
· Tr
[
Lˆ
2
Ωˆ(q, φ = 0)
]
(20)
where we introduced the matrix Berry curvature Ωˆ(q, φ = 0). The above is generally nonzero also for vanishing
magnetic texture strength. Under the assumption [Lˆ, Hˆ0(q)] = 0ˆ, we evaluate the trace by introducing the
eigenstates of Lˆ, i.e. Lˆ |λ〉 = υdefectλ |λ〉, in which basis, Hˆ0(q) and the respective Berry curvature matrix of the
nonmagnetic system Ωˆ0(q) are block diagonal. Thus, we have:
C2 = υdefect
∑
λ
λ
2
"
S2
dq
2pi
· tr
[
Ωˆ0;λ(q)
]
, (21)
with the trace acting in a given λ block. Since we assume that the SCs under examination possess a zero 1st
Chern number, the 2nd Chern number above becomes nonzero only in the presence of monopoles in the Berry
curvature of the SC. These monopoles correspond to q-space nodes in 3D space, which carry a topological charge
defined through tr
[
Ωˆ0;λ(q)
]
= Qλq/(2|q|3). For a 2 × 2 λ block, these monopoles define Weyl points, which
carry a topological charge given by Ω0;λ(q) = Qλq/(2|q|3).
Additional numerical investigations for BDI, D, and DIII class models
• MZMs in magnetic texture vortices for 2D class BDI and D models. In the main text we derived the
topological invariant for a 2D BDI model, cf Eq. 14, which predicts the appearance of multiple MZMs at the
core of a shift/spin defect. To further verify this result, we study various cases numerically, by implementing
the same lattice Hamiltonian used in Fig. 2 in the main text. In Fig. 4(a),(c) we confirm that υshift = 2 results
into two pairs of MZMs, with two at the center of the defect, and their two partners on the edge. Additionally
we confirm that spin defects also lead to MZMs. See Fig. 4(d) with 3 pairs of MZMs for υspin = 3.
Furthermore, we confirm that different types of defects arising at the same coordinate in real space are added
(for ζ = +1) or subtracted (for ζ = −1) depending on the helicity eigenvalue. Specifically for our model we
find ζ = −1, as seen in Fig. 4(g) and (h) where we display the energy spectrum for {υshift, υspin} = {1, ±1},
respectively, with only the latter leading to MZM located at the center of the defect, see Fig. 4(i).
Lastly we can induce the transition BDI 7→ D, by explicitly breaking the chiral symmetry Π = λzτy of Eq. 6
in the main text, which can be achieved either by applying a magnetic field in the z direction or by having en
and e′n lying in different spin planes. By virtue of the symmetry class reduction, it is only the parity (−1)w
(n)
3;ζ
which can protect MZMs. This is reflected in Fig. 4(b) where we display the energy spectrum for υshift = 2
in the presence of a magnetic field in the z direction. For this case (−1)w(n)3;ζ = 1, ultimately resulting into the
hybridization of the MZMs, lifting them away from zero energy. In stark contrast, if we have an odd number of
MZMs, i.e. (−1)w(n)3;ζ = −1, a single pair of MZM persists in the presence of a magnetic field in z direction, as
seen in Fig. 4(d),(f). Despite the fact that in Fig. 4(d) we find four in-gap states, only a single pair corresponds
to topologically protected MZMs, with one having its wavefunction weight localized at the defect, see Fig. 4(f).
• MZMs in magnetic texture vortices for a class DIII model in 2D. In order to numerically study class
DIII models in 2D, we perform a two-band extension of the BDI model studied in Fig. 2 in the main text, and
consider two bands labelled as a and b. To represent matrices in band space we employ the Pauli matrices κ
and the respective unit matrix 1κ. For the sake of simplicity, in the following we consider identical bands, i.e.,
εas,t(k) = ε
b
s,t(k) and ∆
a
s,t(k) = ∆
b
s,t(k). The magnetic texture terms of the BdG Hamiltonian get promoted to
matrices in band space, allowing for intra- and inter-band magnetic scattering terms proportional to 1κ, κz and
κx, respectively. In the remainder, we consider solely intraband magnetic scattering, with the magnetic texture
term being proportional to κz. In the absence of band-mixing terms, the total Hamiltonian enjoys the generalized
TR symmetry Θ = κxT , as well as the unitary symmetry κz. The latter allows the block diagonalization of
the Hamiltonian into two blocks, with each block belonging to the symmetry class BDI. Nevertheless, the
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FIG. 4. Numerical investigation of class BDI, D and DIII models in 2D. (a)-(b) The 50 lowest eigenvalues in the absence (black
asterisks) and presence (green dots) of a double shift vortex defect υshift = 2 for a class BDI and D model, respectively. In (b)
we observe that a class D model does not support MZMs for υshift = 2, in agreement with the invariant defined as the parity of
w
(n)
3;ζ . As indicated by the arrow, we show in (c) the weight of the MZM wavefunctions, where we clearly see two states located
at the defect and their charge-conjugate counterparts at the edge of the system. (d)-(f) Same as in (a)-(c) but in the case of a
triple spin defect υspin = 3. For the class D model in (e) we expect a single MZM pair, in agreement with the parity of w
(n)
3;ζ , yet
we observe four zero energy states. The additional two states, see the two last panels in (f), are an artifact of the phase jump
at the edges of the system, and are therefore not located at the defect. (g)-(h) Same as in (a) but for {υshift, υspin} = {1,±1},
respectively. Clearly the system has helicity eigenvalue ζ = −1, since only the latter leads to MZMs, cf. Eq. 14 in the main text.
In (i) we display the weights of the MZM wavefunctions found in (h). (j)-(l) Same as in (a)-(c) but for the two-band extension
of the BDI model in 2D, ultimately resulting into a class DIII. (j) displays the resulting four zero energy states from the MZM
Kramers pair, and (k) shows how these get lifted in the presence of a magnetic field Bz = 0.6 t. The figures in (a)-(i) were
obtained using the same 2D BDI model as in Fig. 2 of the main text, with the parameters: ∆ = 1/
√
2, µ = −5∆, dz = α = 1
and {M1,2,M ′1,2} = {0.5, 0.1}, all in units of t. For the class D figures in (b) and (e) we added the Zeeman term Bzσz to the
Hamiltonian, with the field strength Bz = 0.4 t. Note that finite-size effects, and inter MZM-coupling result into weights at the
defect in the second panel in (f) and the second and fourth panel for both (i) and (l). In (j)-(l) we used the two-band extension
of the 2D BDI model with εat (k) = ε
b
t (k) = α sin ky, ∆
a
s(k) = ∆
b
s(k) = 0 and ∆
a
t (k) = ∆
b
t (k) = dz sin kx. For the DIII model
numerics we used: µ = −2√2, α = 2 +µ, dz = 1, {M1,M ′1} = {1, 0.2} and {M2,M ′2} = {0.5, 0.5} in units of t. Lastly, in order
to enforce the DIII symmetry class in (j)-(k), we added the band mixing term ∼ δ0 τz(κx + κy), with δ0 = 0.2.
Hamiltonian is generally not block-diagonalizable in the presence of band mixing terms. Here, we consider weak
band mixing terms τzκx,y which preserve Θ, thus enlisting the Hamiltonian in the DIII symmetry class. Our
numerics confirm the emergence of a MZM Kramers pair when considering a single shift/spin vortex defect, as
seen in Fig. 4(j) where we observe four MZMs. The spatially-resolved MZM wavefunction weights in Fig. 4(l)
show that one MZM Kramers pair is localized at the defect and another at the outer edge of the system. Similarly
to the BDI models in 2D, we can also here reduce the symmetry of the system by adding a homogeneous external
magnetic field. In Fig. 4(k) we indeed see that the MZM Kramers pair is lifted away from zero energy by adding
a magnetic field in the z direction, which makes the TR-invariant system undergo a symmetry-class transition
to class D. The latter supports a Z2 invariant and cannot sustain the MZM Kramers pair.
• MZMs in magnetic texture vortices for a class D model in 3D. Lastly we numerically investigate
class D models in 3D. In order to do so, we extend the model used in Fig. 2 to 3D space, in the following way:
Hˆ3D0 (k) = τz[ε3Ds (k)+εt(k)σz]+∆(τx sin kx−τy sin kz)σz, with ε3Ds (k) = −2t(cos kx+cos ky)−Λ(1−cos kz)/2−µ
and εt(k) = α sin ky. We consider the limit Λ  t, for which the pairs of nodes in the nonmagnetic phase are
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FIG. 5. Chiral Majorana modes in a class D model in 3D. (a) Edge spectrum for the 3D model with a single shift vortex defect
υshift = 1. The spectrum is obtained with periodic (open) boundary conditions in the z (x and y) direction, and clearly displays
chiral Majoarana modes. The spatially-resolved weight of the two chiral branches are displayed in (b) and (c), and reveals a
single Majorana mode at the vortex defect’s core, and its counterpart located at the edge of the system. Note that the nonzero
wavefunction weight at the defect in (c), is a consequence of inter-Majorana mode coupling and finite-size effects. The figures
were obtained with the parameters: ∆ = 1, µ = −2√2, α = 2(√2− 1), Λ = 8 and {M1,2,M ′1,2} = {0.5, 0.1}, all in units of t.
located only in the kz = 0 plane. After including the magnetic terms of the Hamiltonian and consider a vortex
line extending uniformly in the z axis, we observe that kz is a good quantum since tanφ = y/x. In fact, for small
kz, we can linearize the above Hamiltonian and see that for kz = 0 it coincides with the model of Fig. 2, where
Π = τyσz is conserved and gives rise to a pair of zero energy states. Away from kz = 0 the chiral symmetry is
broken, lifting the states away from zero energy, ultimately resulting into dispersive chiral Majorana modes, as
seen Fig. 5(a). Here, a single mode is dispersing along the vortex core while the other is on the outer edge of
the system, see Fig. 5(b) and (c), respectively.
